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Evaluation of the Normal Equations for the Analysis of Diallels

P. A. Baghurst
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Summary. Analysis of diallel experiments usually re-
quires specialised computer programs. A simple rela-
tionship between the normal equations for a diallel and
the normal equations for a hypothetical model in
which the general combining ability factor is viewed as
two separate distinct simple factors may be useful in
adapting general statistical analysis packages to the
desired analysis.
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Introduction

A feature distinguishing diallels from other linear
models (Yates 1947, Kempthorne 1956) is the inclusion
of a factor (often called the general combining ability
or gca) which makes two contributions (usually one
from each parent) to every experimental observation y,

e.g.

E(Yy) =p+gea;+gea;, i=1,...,p. )

Wilkinson (1970) has pointed out that the model (1) is
a constrained form of a model containing only “simple”
factors, viz

E(Yy) =p+mi+f, (2a)
m;=f;. (2b)

Analysis of such models poses no new theoretical
problem but it would appear that the additional
features and conveniences of most commonly available
statistical packages are denied the analyst because the
package was not specifically designed to handle models
containing “nonsimple” factors.

One cumbersome way of circumventing this problem
is to define a dummy variate (with values 0, 1 or 2) for
each level of the gca factor, but for experiments with

many parental lines and considerable replication the
data space required may become prohibitively large
(unless there is a facility for progressive accumulation
of the coefficients of the normal equations). It is the
purpose of this communication to present an alternate
method in which the normal equations for model (1)
are obtained by simple row and column operations
performed on the normal equations for the uncon-
strained model (2a). Any reasonably flexible comput-
ing package which permits user intervention after
accrual of sums and squares and products may then be
used for the analysis.

The Normal Equations

If the incidence matrices for {m} and {f} are denoted by X,
and X, the normal equations for model (2a) (ignoring the
constraint, 2b) may be written in partitioned matrix form as
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where n is the number observations and 1 is an n x 1 vector of
units.

Introduction of the constraint m;=f; is accomplished
simply by noting that the gca factor has incidence matrix
Xgea = Xm + X¢, and hence the normal equations for the diallel
model are
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It is readily apparent that (4) is obtainable from (3) by a
“condensation procedure” in which those p rows correspond-
ing to 0S/0fx =0, k=1,..., p where S is the sum of squares
of residuals, are added to those p rows corresponding to
0S/0my = 0; and similarly for the columns.

Extensions

In a practical context most models contain other
covariates, factors and interaction terms. It can be
quickly verified that inclusion of these extra terms does
not invalidate the condensation procedure described
above.

The sums of squares and products (ssp) for an
interaction term involving the gca factor are obtained
first by considering the corresponding interactions in-
volving simple factors m and f and performing, in a
manner exactly analogous to that outlined above, a
further condensation operation on the appropriate rows
and columns of the expanded ssp matrix.

Analysis of the rather rare triallel can be ac-
complished by defining three simple factors and add-
ing rows and columns for all three factors.

Practical Comments

Any package which permits access to the ssp matrix
and subsequent resubmittal for regression analysis
could be used, in principle, for diallel analysis. The re-
sult described here has been used in conjunction with the
GENSTAT programming language (Alvey etal. 1977)
which is intended primarily for analysis of models con-
taining only simple factors. The GENSTAT ssp matrix
has an additional row (column) containing the column
means of each variate or dummy variate, and in the
last element the number of units used in its construc-
tion, but this was not a problem since individual
elements were found to maintain their correct meaning
when “condensed”. Other packages which may allow
the required modification of the ssp matrix are
P-STAT and SAS, although the latter would require
the complete analysis to be specified in terms of matrix
operations.

It might be noted that the sweep algorithm for
Anova (Payne and Wilkinson 1977) could also be
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adapted to the analysis of diallels (Wilkinson 1970)
provided there was a high degree of balance, but there
is no generally available implementation of the adapted
form. The technique described here is well suited to
the analysis of the various partial diallels (Griffing
1956; Curnow 1963; Bray 1971; Gordon 1980) which
have been proposed for situations in which it is
impractical to consider all p? possible crosses. It may
also be used in the analysis of data sets which contain
unequal replication within crosses, such sets commonly
arising in practice as a result of intentionally increased
replication of more important crosses, by misadventure
or because certain potential crosses are infertile.
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